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Abstract One of the limiting factors in the determination
of gravity field solutions is the spatial sampling. Especially
during phases, when the satellite repeats its own track af-
ter a short time, the spatial resolution will be limited. The
Nyquist rule-of-thumb for mapping geopotential functions
of a planet, also referred to as the Colombo-Nyquist rule-of-
thumb, provides a limit for the maximum achievable degree
of a spherical harmonic development for repeat orbits. We
show in this paper that this rule is too conservative and so-
lutions with better spatial resolutions are possible. A new
rule is introduced which limits the maximum achievable or-
der (not degree!) to be smaller than the number of revolu-
tions if the difference between the number of revolutions
and the number of nodal days is of odd parity and to be
smaller than half the number of revolutions if the difference
is of even parity. The dependence on the parity is reflected in
the eigenvalue spectrum of the normal matrix and becomes
especially important in the presence of noise. The rule is
based on applying the Nyquist sampling theorem separately
in North-South and East-West direction. This is only possi-
ble for satellites in highly inclined orbits like e.g. CHAMP
and GRACE. Tables for these two satellite missions are also
provided which indicate the passed and (in case of GRACE)
expected repeat cycles and possible degradations in the qual-
ity of the gravity field solutions.
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1 Introduction
The quality of a satellite derived gravity field solution de-
pends on the spatial and temporal sampling of the signal.
Generally, the sampling rate describes the repeat rate of tak-
ing observations over a domain. In the case of spatial sam-
pling the domain is the Earth, i.e. it describes the spatial dis-
tribution of the observations on the Earth. In this paper the
temporal sampling is referred to as the temporal resolution
of global gravity field solutions (and not to the sampling rate
of the observation along the orbit), i.e. a gravity field solu-
tion is derived from observations taken in a period of time,
e.g. one week or one month, and is then considered as one
sample.
The Nyquist sampling theorem states that the maximum
reconstructible frequency is half the sampling rate fs. Sig-
nals with frequencies higher than fs=2 are undersampled and
cause aliasing. Temporal aliasing thus refers here to the un-
dersampling of the time-variable gravity changes induced by
mass transports, e.g. Ilk et al. (2005). It is considered as one
of the major limitations for the Gravity Recovery and Cli-
mate Experiment (GRACE) (Tapley et al., 2004; Han et al.,
2004). A more detailed discussion about this type of aliasing
is given in Visser et al. (2010). Here, we restrict ourselves
to the spatial sampling.
The maximum spatial resolution depends on a combina-
tion of the sensitivity of the measurement system and the
orbit configuration. Colombo (1984) formulated a Nyquist-
type of rule where he assumed that for a recovery of the
gravity field with the maximum degree L at least 2L non-
overlapping revolutions are necessary. Consequently, the max-
imum resolvable degree for a particular orbit configuration
is given as
L<
b
2
; (1)
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2 Matthias Weigelt et al.
where b denotes the number of orbits in a so-called repeat
cycle. It is implicitly assumed that the 2L revolutions are
equally spread at the equator. A repeat cycle is achieved if
the satellite completes b revolutions in an integer number of
nodal days, which is the number of revolutions of the orbital
plane around the z-axis of the Earth-fixed coordinate system.
It is generally denoted as the ratio b=a which is an integer
ratio and where common prime factors vanish. In Schrama
(1989) sampling properties of a satellite in a b=a = 43=3 re-
peating ground track orbit are worked out in more detail, i.e.
an analytical orbit perturbation theory is compared against
a numerically generated result. The negative sign denotes a
retrograde orbit. The interpretation of the ratio is that within
a repeat cycle lasting b = 43 orbits, the orbital plane rotated
a = 3 times. Schrama (1991) discusses in more detail that
by ignoring the rule given in equation (1) specific frequen-
cies cannot be recovered anymore since in a lumped coef-
ficient approach certain combinations of the wavenumber k
and the order m map to the same frequency and are thus not
separable anymore. These analytical approaches are often
amended by numerical investigations, e.g. Yamamoto et al.
(2005); Bezdeˇk et al. (2009, 2010)
Equation (1) is generally accepted as the Nyquist rule-
of-thumb for mapping geopotential functions of a planet, of-
ten also referred to as the Colombo-Nyquist rule-of-thumb,
which connects the spatial resolution with the sampling. It
found wide-spread application in the orbit design and re-
covery of the gravity field, e.g. Johannessen and Aguirre-
Martinez (1999) or Bender et al. (2008). Since the motion
of the satellite governs the ratio, it can be determined using
the rate of change of the Keplerian elements, in particular
the true anomaly n , the argument of perigee w and the right
ascension of the ascending node W .
b
a
=
w˙+ n˙
W˙  wE
=  u˙
L˙
=
TL
Tu
; (2)
where wE is the angular velocity of the Earth rotation. The
sum of n and w forms the argument of latitude u; the sum of
the denominator can be seen as the rate of change of the lon-
gitude of the ascending node in the Earth fixed frameL . The
ratio is also connected to the revolution time of the satellite
Tu and of the nodal day TL .
Repeat cycles are of special interest for gravity field mis-
sions. On the one hand, they can be used to recover specific
orders of coefficients with high quality (Wagner and Klosko,
1977; Klokocˇnı´k et al., 1990). On the other hand, they can
cause a degradation of the overall performance due to an in-
sufficient spatial sampling. The influence of the ground track
on the quality of the solution attracted first attention for the
low-low satellite-to-satellite tracking mission GRACE and
has been investigated by Yamamoto et al. (2005) using sim-
ulated data. Wagner et al. (2006) compared the severe loss
of accuracy of monthly solutions to degree and order 120 of
published GRACE solutions during the 61=4-resonance orbit
in September 2004 to theoretical error estimates from linear
perturbation theory. They concluded that the ideal maximum
degree is L = 30 which is in agreement with the rule-of-
thumb. Klokocˇnı´k et al. (2008) extended the investigations
of Wagner et al. (2006) to the cases of CHAMP and GOCE
and predicted future periods of degraded performance of
GRACE.
Recently, Weigelt et al. (2009) noted a discrepancy be-
tween the maximum recoverable degree for CHAMP as the
satellite passed on several occasions through the 31/2 repeat
cycle. The rule-of-thumb predicts a maximum recoverable
degree of 15 but the solutions remained valid approximately
till degree and order of 35. Visser et al. (2012) showed by
means of numerical calculations that the rule-of-thumb is
too stringent for geodetic type of satellite missions like CHAMP,
GRACE and GOCE. Instead, he formulated the condition
L< b (3)
for one-dimensional quantities like satellite altimetric ob-
servations, potential values along the orbit or a single gra-
diometer component. For other types of observations like ac-
celerations and the full tensor components, solutions higher
than degree and order L= b are possible.
Here, we consider again the case of a one dimensional
type of observation but instead of using geoid values along
a satellite ground path (similar to altimeter observations) we
use potential values along the orbit, i.e. the downward con-
tinuation will influence the quality of the solution as well.
We restrict ourselves to orbits with inclinations close to 90
in order to separate the influence of polar gaps from the
properties and influences of repeat configurations. For the
polar gap problem we refer to the literature, e.g. Sneeuw and
van Gelderen (1997) or Albertella et al. (1999).
The sampling is generally defined by the geometry of
the satellite ground tracks and a discussion about the funda-
mental geometry of those can be found in e.g. Kim (1997).
For satellite missions in near polar orbits, the sampling can
be investigated independently in longitude and latitude di-
rection. In flight direction ( latitude direction), the sam-
pling is governed by the measurement rate of the observa-
tions, e.g. GPS positions or the K-band ranging system, and
normally dense and stable over time. The sampling in lon-
gitude direction is laid out by the orbit on the rotating Earth
and can be described by the number of equator crossings. In
such a configuration one easily undersamples the Earth as
coarse spacings between ascending and descending arcs oc-
cur especially during repeat cycles with low integer values
for b and a . Using Nyquist-type criteria in both directions,
it will be shown that a restriction on the maximum spatial
resolution due to the orbit configuration exists mostly on
the maximum resolvable order M rather than on the max-
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An improved sampling rule for mapping geopotential functions of a planet from a near polar orbit 3
imum resolvable degree L as proposed in Colombo (1984)
and Visser et al. (2012).
Further, a dependency on the parity of (b  a) exists,
since the result of even parity degrade due to a poorer con-
ditioning of the normal matrix. This has already been rec-
ognized in Visser et al. (2012) but there the focus laid on
the solvability of the equation system and the interpretation
of the formal errors. Here the quality of the solution is con-
sidered additionally and it will be shown that a valid solu-
tion is achievable in this case but with a reduced quality.
For highly precise application like GRACE, this cannot be
neglected and a new type of criterion is introduced which
connects the maximum resolvable orderM to the number of
so-called unique equator crossings.
Section 2 starts with a theoretical description of the orbit
geometry and its connection to the sampling which eventu-
ally leads to a new sampling criterion. The dependency of
the relative location of equator crossings of ascending and
descending arcs on the parity (b  a) during a repeat cycle
is introduced in section 2.1. Using the time series represen-
tation for the spherical harmonics, a Nyquist-type criterion
can be applied which considers also the aforementioned de-
pendency on the parity (section 2.2). The criterion is veri-
fied by numerical noise-free simulation in sections 3.1 and
3.2. In section 3.3, noise is added to the simulation and the
degradation in the case of even parity is deduced. We con-
clude with a discussion on the implications for the CHAMP
and GRACE mission in section 4.
2 Theoretical Aspects
Since satellites like CHAMP and GRACE are in a near polar
orbit, the sampling of the Earth can in good approximation
be split into two components. Measurements along ascend-
ing or descending arcs sample the gravity field in North-
South (latitude) direction, whereas the sampling in East-West
(longitude) direction is governed by the distribution of the
arcs. A measure of which is the separation between equator
crossings and their distribution depends on the orbit config-
uration. Normally, the measurement rate, i.e. the sampling in
latitude direction, is much higher than the number of equator
crossings. Especially during repeat cycles with low relative
prime numbers b and a , the sampling in longitude direction
becomes sparse. An example for CHAMP taken fromWeigelt
et al. (2009) is shown in Fig. 1. The solid grey line represents
the signal, e.g. the disturbing potential, along a particular
latitude (f = 80  on the top and the equator on the bottom).
The observations of CHAMP are marked by black triangles.
The left column shows the case of January 2004 when the
satellite sampled the Earth with an evenly spaced data distri-
bution at all latitudes. In June 2003 the satellite was near the
31=2 repeat mode and the corresponding sampling is depicted
in the right column of Fig. 1. The data separation at high lat-
itudes changes only slightly whereas the observations at the
equator become clustered and sparsely distributed. Several
publications showed that this causes a severe quality degra-
dation of the monthly gravity field solutions, e.g. Sneeuw
et al. (2003, 2005);Weigelt et al. (2009). As a consequence,
the sampling at the equator and in the longitude direction is
of primary concern in the following.
2.1 Geometry of the equator crossings
Although ascending and descending arcs cross the equator
each b times, the sampling in the longitude direction at the
equator is obviously halved if crossings of ascending and
descending arcs coincide. The condition for this case can be
connected to the parity of (b  a).
Consider a circular orbit and an arbitrarily located equa-
tor crossing of an ascending arc at longitude l a0 . The equator
crossing of the p-th ascending arc can then be found by:
l ap = l a0 +
2p
b
p; with p= 0 : : :b  1; (4)
since the equator crossings of all ascending arcs will be equally
spread. In this description, the value of p is not connected
to the temporal occurrence of the equator crossing but to
the numbering from West to East, i.e. the numbering is only
possible after one repeat cycle has been finished.
Starting from l a0 , the location of the first (in the timely
sense) equator crossing of a descending arc is shifted by 180
degrees minus the angle passed by the Earth during a half
revolution of the satellite.
l d0 = l
a
0 +p 
1
2
wETu: (5)
The minus sign is due to the counter-clockwise rotation of
the Earth (as observed at the North pole). Since the rotation
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Fig. 1 Sampling (black triangles) of the disturbing potential (solid grey
line) for a 25 degree section around the Greenwich meridian: left col-
umn for January 2004 and right column for June 2003; top row for a
high-latitude parallel (f = 80 ), bottom row for the equator (f = 0);
from Weigelt et al. (2009)
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
4 Matthias Weigelt et al.
rate wE describes one revolution of the Earth in one nodal
day TL , it can be replaced by the ratio 2pTL . Equation (2) con-
nects the ratio TuTL to the inverse of the repeat ratio
b=a, i.e.
1
2
wETu = p
a
b
: (6)
The equator crossings of the descending arc is then given
by:
l d0 = l
a
0 +p p
a
b
: (7)
The condition that this particular descending arc coincides
with any of the ascending arcs is then given as:
l ap l d0 = 0 (8)
If this condition is fulfilled for one descending arc it is also
fulfilled for all other. Thus, it is sufficient to proof this for
this single case. The more general case is given in appendix
A. Combining equation (4) and (7) yields
l a0 + 2pb p l a0  p+p ab = 0
, 2pb  1+ ab = 0
, 2p b +a = 0
, p = 1
2
(b  a) (9)
Since all quantities are integer values, equation (9) has only
a solution in case of even parity of (b  a). Geometrically
it means that in this case the equator crossings of ascending
and descending arcs coincide whereas in case of (b  a)
being odd the equator crossings of the descending arcs are
located inbetween the ascending arcs.
Fig. 2 shows exemplarily the dependence of the spatial
sampling on the parity. In the left panel, the ground track
pattern is shown for the repeat ratio 46=3 (odd parity) and in
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Fig. 2 Equator crossings of a satellite with odd parity (left) and with
even parity (right)
the right panel for the repeat cycle 47=3 (even parity). Clearly,
the case of odd parity results in a denser spatial coverage.
The difference is caused by the distribution of the equator
crossings and not by the number of equator crossings; it is
nearly the same in both cases: 94 for the even case and 92
for the odd case. As a consequence it is more appropriate to
speak of the number of unique equator crossings, denoted
as c in the following, where crossings at the same longitude
are only counted once.
c =
(
2b ; for b  a odd
b ; for b  a even: (10)
Practically, equator crossings of ascending and descending
arcs will seldom be located exactly at the same longitude
due to disturbances of the orbit. Equation (8) can only be ful-
filled approximately and unique equator crossing need then
to be defined by a threshold, e.g.
lim
e!0
jl ap l d0 j< e (11)
The choice of e is not trivial. A starting point can be based
on the anticipated maximum degree L of the mission or the
maximum recoverable degree during a period of good ground
track coverage, i.e. the spatial sampling can be excluded as
limiting factor.
In case of even parity, ascending and descending arcs
coincide resulting in a sparser sampling of the equator in
East-West direction. In this sense and for the description of
the sampling, it is correct to say that the sampling doubled
in the odd case. Besides, the convergence of the orbit to-
wards the poles results in a increasingly denser sampling. It
is reflected in the nearly constant sampling at high latitudes,
as shown in Fig. 1, but the sampling at the equator will be
the limiting factor for global gravity field recovery, as men-
tioned before.
2.2 Time series criterion
In an ideal case, the sampling can be connected to a maxi-
mum resolvable frequency. For a time series, this is defined
by the Nyquist rule. For the sampling of the sphere, the rule-
of-thumb needs refinement as shown byWeigelt et al. (2009)
and Visser et al. (2012). The first choice at hand is then to try
to use the Nyquist criterion itself. For this, the spatial repre-
sentation of the spherical harmonic development needs to be
expressed as a time series. A detailed description of which
can be found in Schrama (1990, 1991) and Sneeuw (2000).
The result is a time series representation of the potential in
complex notation:
V (t) =
GM
R
L
å
l=0
l
å
m= l
l
å
k= l

R
r
l+1
K¯lmF¯lmk (I)eiymkq(t); (12)
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where GM is the gravitational constant times the Earth’s
mass, R the Earth radius,
 R
r
l+1 the upward continuation
term, K¯lm the complex-valued spherical harmonic (SH) coef-
ficients, F¯lmk the complex-valued inclination function, I the
inclination and i the imaginary number. The summation in-
dices are the degree l, the order m, the wave number k and
the summation index q. The maximum degree of the devel-
opment is L. In the following, we assume a negligible eccen-
tricity.
Assuming near-circular orbits (terms with q 6= 0 can be
neglected) and introducing the linearizing
ymk (t) = y0mk+ y˙mk  t; (13)
the angular variable y˙ represents the spectral lines of the
lumped coefficient spectrum. (Sneeuw, 2000, x5.3):
y˙mk = ku˙+mL˙ ; with  L m;k  L: (14)
The initial state of the angular variable y0mk is assumed to be
zero. In order to avoid spatial aliasing, the separation con-
dition of two frequencies y˙m1;k1 6= y˙m2;k2 must be met. A
transformation using equation (2) yields:
m1+m2
k1+ k2
=  u˙
L˙
6= b
a
(15)
Colombo (1984) concluded from this condition that for a
given maximum degree L at least b revolutions are neces-
sary in order to avoid aliasing. Sneeuw (2000) showed that
this is fulfilled if
b > 2M (16)
which he states to be equivalent to the Nyquist rule-of-thumb
used by Colombo (1984) in the conventional triangular SH
domain. Nonetheless, equations (15) and (16) imply that the
limited spatial sampling does not restrict the maximum de-
gree L directly, since l does not appear in the separation con-
dition explicitly. Instead, the limitation is on the maximum
orderM.
2.3 Spatial criterion
In the conventional representation of the spherical harmonic
development in the spatial domain the sine and cosine term
depend solely on the orderm and the longitude l , cf.Heiska-
nen and Moritz (1967). The maximum order M is thus di-
rectly connected to the sampling in longitude direction. As
shown in section 2.1, this sampling is defined by the num-
ber of unique equator crossings c . Equation (16) should thus
read:
c > 2M: (17)
Applying the Nyquist criterion, this means practically that
the maximum resolvable order is given by
M < b for b  a odd (18a)
M <
b
2
for b  a even; (18b)
since c depends on the parity of (b  a). Equation (18)
guarantees that no aliasing due to an insufficient spatial sam-
pling will occur as long as there is no signal beyond the
maximum order M. It is emphasized that the stated maxi-
mum criteria for the order consider limitations due to the or-
bit configuration only. Aliasing can still occur due to an in-
sufficient temporal aliasing. It is also an open question how
to optimally avoid signal aliasing from outside the band-
limitation given by equation (18). One possibility was ex-
plored by Weigelt et al. (2009) by reducing this part of the
signal using a priori information. Besides, the signal-to-noise
ratio and the quality of background models are other limit-
ing factors for the maximum resolvable spatial resolution
but are not considered here. Both questions are beyond the
scope of this paper.
A small supplement to the restriction of the maximum
degree L needs to be indicated. Equation (16) indeed places
no restriction on L but for the particular configurations of
the geodetic satellites in near polar orbits the Nyquist cri-
terion can also (independently) be applied in latitude direc-
tion. The maximum degree L consequently depends on the
measurement rate along the orbit which normally result in
less stringent conditions than equation (18). For example, in
case of CHAMP with a 30s measurement rate the maximum
degree is  95 and for GRACE and its 5s measurement rate
the maximum degree is  570. Both are well beyond the
maximum recoverable degree of a (monthly) gravity field
solution of these satellites. Moreover and more importantly,
they generally remain constant.
3 Simulation study
Based on theoretical descriptions, equation (18) yields a new
criterion for the maximum order M which needs to be ver-
ified by simulations. Since here the primary concern is the
sampling of a one-dimensional measurement quantity, it is
sufficient to place a CHAMP-type satellite in a Keplerian-
type, polar and circular orbit. Assuming the Keplerian case
for the orbit dynamics guarantees the exact repeat mode. In
reality, the satellite orbit drifts through repeat cycles due to
atmospheric drag and other disturbing forces which results
already in an improved sampling and better results. Thus this
type of simulation represents the worst case scenario.
The orbital elements of the simulation are given in table
1. The semi-major axis a depends on the repeat cycle and is
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6 Matthias Weigelt et al.
calculated by:
a= 3
s
GM
w2E


a
b
2
; (19)
where wE is again the revolution of the Earth in one nodal
day.
Along this orbit and with a stepsize of 30s, potential val-
ues are calculated by a spherical harmonic synthesis using
the gravity model EGM08 (Pavlis et al., 2008) and intro-
duced as observations for a subsequent spherical harmonic
analysis. In the application to real satellite data, such obser-
vations could be derived using the energy integral approach
(Jekeli, 1999). Otherwise, different functionals of the grav-
ity field need to be considered (Visser et al., 2012). The re-
sults are then derived using a brute-force spherical harmonic
analysis on the sphere.
The maximum degree L and order M depends on the
simulation setup and is explicitly stated in the following. Pri-
marily, two cases are distinguished. The calculation is either
done with the full field (L=M) or with a field which is ban-
dlimited in the order direction (M < L). They are evaluated
using the difference between input and solved-for spherical
harmonic coefficients and by considering the conditioning
of the normal matrix. Condition numbers are calculated as
the ratio between maximum and minimum eigenvalue for all
test cases with and without band-limitation and are listed in
appendix B.
3.1 Odd parity
In the first test scenario, the data is assumed to be noise-free.
For the case of odd parity, the example of b = 46 and a = 3
is chosen, i.e. the satellite is repeating its own track after
3 days and 46 revolutions. Using equation (19), the corre-
sponding orbit height is h = a R  465:9km. The maxi-
mum order for the bandlimited case is according to equation
(18b) M = 45 since the number of unique equator cross-
ings is c = 92. For comparison, the rule-of-thumb predicts
for this case a maximum resolvable degree of L = 23. The
results for different simulation scenarios are presented in
terms of the difference spectrum of the real (not complex)
spherical harmonic coefficients between input and estimated
coefficients and are shown in Fig. 3.
For the chosen CHAMP-type observation, typically a max-
imum degree of L = 90 can be achieved in reality and un-
der ideal sampling conditions. The top panel shows the at-
tempt to recover the gravity field till degree and order 90
Table 1 Orbital elements of the simulated satellite orbit at t = 0
eccentricity e= 0 RA of the ascending node W = 0
inclination I = 90 argument of latitude u= 90
de
gr
ee
 l
−80 −60 −40 −20 0 20 40 60 80
0
10
20
30
40
50
60
70
80
90
    log10
− 5
− 4
− 3
− 2
− 1
  046 / 3L = 90
M = 90
de
gr
ee
 l
−20 −15 −10 −5 0 5 10 15 20
0
5
10
15
20
    log10
−23
−22
−21
−20
−19
−1846 / 3L = 23
M = 23
de
gr
ee
 l
−40 −30 −20 −10 0 10 20 30 40
0
5
10
15
20
25
30
35
40
45
    log10
−23
−22
−21
−20
−19
−1846 / 3L = 45
M = 45
Slm − order m − Clm
de
gr
ee
 l
−80 −60 −40 −20 0 20 40 60 80
0
10
20
30
40
50
60
70
80
90
    log10
−23
−22
−21
−20
−19
−1846 / 3L = 90
M = 45
Fig. 3 Spherical harmonic spectrum for b = 46 and a = 3: full so-
lution with L = M = 45 in the top panel, rank deficient solution for
L = M = 90 in the middle panel, order-limited solution with L = 90
andM = 45 in the bottom panel. The maximum degree and order is for
each case identical for the simulation input and the recovery. Note also
the different ranges of the colorbar in the three cases.
but here the sampling conditions are poor as the 46/3 repeat
orbit is used. Considering the range of the colorbar, the so-
lution is obviously highly degraded. The condition number
for this solution is 1023, i.e. the solution is numerically rank
deficient. The solution has been derived using the Moore-
Penrose pseudo-inverse for visualization purposes. The at-
tempted recovery is also well beyond the limitations given
either by the rule-of-thumb, equation (18) or the ones given
in Visser et al. (2012). As an aside, order 46 of the sine co-
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efficients can be recovered comparatively well. It is linked
to the orbital frequency and the choice of the right ascen-
sion of the ascending node (W = 0) and the initial angle
for the Greenwich Apparent Siderial Time (Q = 0) at time
t = 0. Due to this choice, the orbit samples the highs and
lows of the sine coefficients of order 46 perfectly, whereas
only the roots of the cosine coefficients are observed. This
phenomenon is specific for this simulation here and cannot
be generalized.
The rule of thumb predicts a maximum degree and order
of L = 23. The second panel in Fig. 3 shows the difference
spectrum between input and estimated coefficients for a full
field solution L =M = 23. The differences are on the level
of 10 18 to 10 23 and only limited by the numerical accu-
racy of the computation. The sampling in longitude and lat-
itude direction is thus sufficient to fully recover such a field.
However, the difference for a simulation with a full field till
degree and order 45 shown in the third panel from the top is
also on the same level of accuracy, i.e. for the odd case the
rule of thumb is to pessimistic as a solution till L< b is pos-
sible without loss of accuracy. Visser et al. (2012) showed
already that the prediction of the rule-of-thumb is too pes-
simistic which is also verified by this example.
Finally, it needs to be tested that the limitation is on the
maximum orderM as predicted by equation (18) and in con-
trast to the conventional interpretation of the rule-of-thumb
not on the maximum degree L. Therefore, the input field is
modified and limited in the order direction to M = 45 but
calculated with a maximum degree of L= 90. The spectrum
of the input signal resembles then a house-like shape. The
bottom panel of Fig. 3 shows the difference between the re-
covered field and the input for this order-limited solution.
The difference is again in the range of 10 18 to 10 23 and
the solution shows the typical degradation with increasing
degree. The higher number of unknown parameters result
in a slightly poorer conditioning of the normal matrix (cf.
table 4). It shows that one key element in the solution is
indeed the conditioning of the normal matrix which is gen-
erally also influenced by other effects and not only by the
orbital configuration. Nevertheless, it can be concluded that
also for the order-limited case the solution is only limited by
the numerical accuracy of the computation.
Fig. 4 gives a deeper insight into the conditioning of the
normal matrix for a range of solutions, either fully devel-
oped to a maximum degree and order L=M or band-limited
in the order direction at M = 45. In case of the full solution
(L = M), the conditioning shows a discontinuity at degree
45 which exceeds the floating point accuracy of the com-
puter ( 16 digits). The inversion becomes impossible since
the normal matrix is numerically rank deficient as already
discussed earlier. For the band-limited solutions denoted by
M = 45 no such degradation is observed at order 45. The
simulation confirms consequently the theoretical prediction
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Fig. 4 Condition number of the normal matrices for b = 46 and a = 3
with full order (L=M) and with order-limitation atM = 45: the values
on the x-axis indicate the maximum degree L of the SH - development
of equation (18a) and the solution is primarily limited in the
order direction by the sampling in the longitude direction.
Near degree 95, the bandlimited solutions also start to de-
grade as the 30s-sampling in the latitude direction is insuf-
ficient for a higher spatial resolution.
3.2 Even parity
For the case of even parity, the example of b = 47 and a = 3
is chosen due to its close proximity to the previous odd
parity case. Although the values for a and b are near to
the previous case, the orbit configuration changes signifi-
cantly. Using equation (19), the corresponding orbit height
is h 368:5km, which is  100km lower than in the previ-
ous example. The maximum order for the bandlimited case
is M = 23 according to equation (18b) since the number of
unique equator crossings is c = 47.
Fig. 5 shows the difference between reference and esti-
mated model for several cases again. In the top panel, the
attempt has been made to recover the gravity field to a max-
imum degree and order L = M = 90. Analogously to the
odd simulation scenario, the normal matrix is poorly con-
ditioned and a successful recovery is not possible. In the
second panel, the maximum degree and order is restricted
to L = M = 23 which is in the agreement with the rule-of-
thumb and also fulfills the condition (18b). The solution is
only limited by the numerical accuracy of the computation
and the sampling is sufficient to fully recover the input field.
In the third panel, the input field is extended to degree and
order L = M = 46. This case explicitly tests the difference
between equation (18a) for odd parity and equation (18b) for
even parity. Obviously the solution slightly degrades com-
pared to the top panel but the degradation seems small. The
solution still agrees on a level of 10 18 at worst. Based on
this test no separation as done in equation (18) seems nec-
essary. There is a small systematic effect noticeable but the
solution remains perfectly valid and seems primarily only
limited by the computationally accuracy. The findings are
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Fig. 5 Spherical harmonic spectrum for b = 47 and a = 3: full solu-
tion with L=M = 23 in the top panel, poorer conditioned solution for
L=M = 46 in the middle panel and order-limited solution with L= 90
andM = 23 in the bottom panel
thus in agreement with Visser et al. (2012) and equation (3)
but we will come back to this point in section 3.3. The bot-
tom panel of Fig. 5 shows the band-limited case. The input
field has been limited in the order toM= 23 but with L= 90.
It can be fully recovered with the same level of accuracy as
in the top panel.
The conditioning of the normal matrix, shown in Fig.
6 for the full solution (L = M), a solution band-limited at
M = 46 and one band-limited atM = 23, indicates the small
aforementioned degradation by showing a first discontinuity
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Fig. 6 Condition number of the normal matrices for b = 47 and a = 3
with full order (L =M) and with order-limitation at M = 46 and M =
23: the values on the horizontal axis indicate the maximum degree L of
the SH - development
at degree 24 for the full solution as well as the one limited
at M = 46. However, the jump is just 2-3 order of magni-
tudes. The degradation in case of L=M = 46, visible in the
middle panel of Fig. 5, is obviously caused by the poorer
conditioning of the normal matrix but the inversion is stable
and the solution remains valid. The second discontinuity at
degree 46 in case of the full solution (L = M) exceeds the
floating point accuracy of the computer and an inversion of
the normal matrix is not possible anymore. For the case of
the band-limitation at order M = 23, the condition number
shows no discontinuity. Near degree 95, both band-limited
solutions start to degrade as the 30s-sampling along the or-
bit is again insufficient for a better spatial resolution.
This confirms the theoretical findings that a Nyquist-
type criterion can indeed be used to define restrictions on a
maximum resolvable degree and order, respectively, caused
by a limited sampling in latitude or longitude direction. So
far, the separation for even and odd cases as in equation (18)
seems unnecessary. The numerical test showed on the one
hand the dependency on the parity but on the other hand that
the degradation is small and possibly negligible. The pri-
mary effect is the slight deterioration of the condition num-
ber by two to three orders of magnitude. As the conditioning
of a matrix is especially important in the presence of noise,
this case is investigated in the following.
3.3 Noise impact on the recovery quality
For the sake of simplicity, white noise is used which is not
favoring any specific frequency. Consequently, noise energy
is also located beyond the limiting orderM and will be aliased.
The introduced noise has a standard deviation of s = 1m2=s2
which is added to the observations. This level is slightly
optimistic compared to in-orbit standard deviations derived
from real CHAMP observations (s  1:3m2=s2).
For the simulation, the 46=3 and 47=3 orbit configurations
are used again. Fig. 7 shows results in terms of difference
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degree RMS with respect to the input field EGM08. Simula-
tions with odd parity (b = 46, a = 3) are denoted in black
and with even parity (b = 47, a = 3) in gray. For the case of
a full input field with L =M = 23, the sampling fulfills for
both parity cases the condition of equation (18) and results
are on the same level of accuracy between 10 11 and 10 12.
If the input field is extended to degree and order 45 and
46, respectively, the odd parity orbit configuration (b = 46)
still fulfills condition (18a) but for the even parity orbit con-
figuration (b = 47) condition (18b) is not fulfilled. This is
the case of the small degradation visible in Fig. 5 and 6 of
section 3.2. If the degradation of the conditioning of the nor-
mal matrix would be negligible, both cases are expected to
be on a similar RMS-level, but the solution of even parity
is approximately one order of magnitude worse than for the
one of odd parity. The solution of the even parity orbit con-
figuration remains valid though as no strong oscillations or
other phenomena are visible in the degree RMS. The differ-
ence curve does also not intersect the signal curve. This is
in agreement with the findings of Visser et al. (2012), i.e.
it is possible to derive a solution till degree and order 46
in case of the insufficient ground track but the solution will
be of poorer quality. The band-limited solution for the even
orbit configuration with degree L = 90 and order M = 23
on the other hand has a level of accuracy comparable to the
case of the orbit with odd parity and L =M = 45, thus ver-
ifying equation (18). Consequently, the degradation in the
condition number for the even cases cannot be neglected in
highly precise applications like GRACE.
Last but not least, the band-limited solution for the odd
orbit configuration with degree L = 90 and order M = 45
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Fig. 7 Difference degree RMS w.r.t. the reference field EGM08
performs slightly poorer than the case of L=M = 45 due to
the poorer conditioning of the normal matrix but at the same
time the even orbit configuration with degree L = 90 and
orderM= 46 performs again one to two orders of magnitude
worse than the former. The general deterioration of the cases
L= 90 compared to the cases L= 45 and L= 46 reflects the
influence of the parametrization on the conditioning of the
normal matrix which should not be mixed with the influence
of the orbit configuration. In what follows, equation (18) is
indeed the correct criterion and the deterioration of two to
three orders of magnitude atM = b=2 cannot be neglected in
the case of even parity.
4 Implications for CHAMP and GRACE
With this new understanding of sampling and aliasing, we
are able to provide a table of maximum resolvable order for
the satellite mission CHAMP and GRACE. Similar investiga-
tions have already been done by Klokocˇnı´k et al. (2008) but
here we consider a longer period of data, include the new
understanding of the restriction on the maximum orderM in
dependence of the parity and also show upcoming and po-
tentially harmful repeat cycles for GRACE. For GOCE, this
is of minor interest since the satellite is actively kept on its
orbit height whereas the satellites of the other two missions
are slowly decaying and passing several repeat periods over
time. Besides, the primary influence due to the orbit on the
quality of the GOCE-solution comes from the polar gap prob-
lem since the inclination of the orbit is 96:3.
4.1 GRACE
For the calculation of the repeat cycles passed by GRACE an
inverted version of equation (19) is used. The semi-major
axis a and L˙ are directly derived from the satellites position
and velocity provided in the Level-1B GPS navigation data.
The data spans the time from August 2002 till August 2011
and was downloaded from the Information System and Data
Center (ISDC) at the GeoForschungsZentrum (GFZ) Pots-
dam.
Fig. 8 shows the orbit decay and the repeat cycles passed
so far. The later are also listed in table 2 together with the
number of orbit revolutions b , the number of nodal days
a , the month and year in which the repeat cycle (numeri-
cally) occurs, the parity, the approximate orbit height, the
number of unique equator crossings c and the maximum
resolvable order according to equation (18). Only repeat cy-
cles with a  16 are considered because it can be estimated
to be the maximum number of nodal days causing repeat
ratios which have a negative impact on the quality of the
gravity field solution. This is based on the experience that
the signal-to-noise ratio limits GRACE monthly solutions to
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Fig. 8 Repeat ratios for GRACE from August 2002 till August 2010
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Fig. 9 Repeat ratios for CHAMP from January 2002 till December 2009
approximately degree and order 120. By assuming an even
parity repeat cycle as a worst case scenario and inversely
applying equation (18b), b = 240 revolutions will be neces-
sary. With the conservative assumption of more than 15 rev-
olutions per day, a = 16 follows. Note also that the stated
period of occurrence are only those where repeat cycles nu-
merically occur. Degradations are also possible in the vicin-
ity of particular repeat cycles. Those cycles which - from a
theoretical point of view - pose no problem for the gravity
field recovery are grayed.
The first problematic repeat cycle 76=5 is experienced in
September 2002, followed by the 137=68 repeat cycle in April
2003. As stated in the introduction the 61=4 repeat cycle at-
tracted the attention of the GRACE community, which was
passed near September 2004. In reaction to the sparse data
distribution, the GFZ provides for the period from July till
October 2004, additionally to the standard unconstrained so-
lutions till degree and order 120, constrained solutions till
degree and order 60.
The severest condition, so far, was experienced from the
end of 2009 till July 2010 as the satellites passed the 107=7
repeat cycle. Since (b  a) is of even parity, the maximum
resolvable order is M = 53. It results in an even sparser
ground track than in the 61=4 repeat cycle which is of odd
parity. Again, the GFZ provided constrained solutions till
degree and order 60 for the period from October 2008 till
July 2010. Furthermore, the GFZ suggests to use the uncon-
straint monthly fields also only up to degree 60 (Flechtner
et al., 2010). According to table 2, similar problems are also
expected for the periods around September 2002 and April
2003 but no constraint solution has been provided for these
periods.
Table 2 lists additional repeat cycles down to an orbit
height of 300km which GRACE may pass if the satellites
remain operational. Among the severest of the upcoming re-
peat cycles are the 31=2, 46=3, 47=3, 63=4, 77=5 and 79=5. During
all these periods, constrained solutions will likely be nec-
essary again. The time of occurrence is hard to predict and
depends on the influence of the atmospheric drag, the so-
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lar activity and orbit maneuvers. Possible scenarios demand
an ensemble approach since especially models for the so-
lar activity are currently insufficient and instead a range of
scenarios between an expected maximum and minimum so-
Table 2 Month of occurring repeat cycles for GRACE and their max-
imum resolvable order according to equation (18); gray repeat cycles
do not pose a problem for the monthly gravity field recovery since
M > 120
b a Period Parity  h [km] c M
76 5 September 2002 odd 485 152 75
213 14 January 2003 odd 481 426 212
137 9 April 2003 even 478 137 68
198 13 September 2003 odd 476 396 197
61 4 September 2004 odd 470 122 60
229 15 January 2006 even 465 229 114
168 11 December 2006 odd 463 336 167
107 7 December 2009 even 459 107 53
153 10 May 2011 odd 455 306 152
199 13 - even 453 199 99
245 16 - odd 451 490 244
46 3 - odd 445 92 45
215 14 - odd 438 430 214
169 11 - even 436 169 84
123 8 - odd 433 246 122
200 13 - odd 430 400 199
77 5 - even 426 77 38
185 12 - odd 421 370 184
108 7 - odd 417 216 107
247 16 - odd 415 494 246
139 9 - even 412 139 69
170 11 - odd 410 340 169
201 13 - even 407 201 100
232 15 - odd 406 464 231
31 2 - odd 396 62 30
233 15 - even 387 233 116
202 13 - odd 385 404 201
171 11 - even 383 171 85
140 9 - odd 380 280 139
249 16 - odd 378 498 248
109 7 - even 376 109 54
187 12 - odd 372 374 186
78 5 - odd 367 156 77
203 13 - even 363 203 101
125 8 - odd 360 250 124
172 11 - odd 357 344 171
219 14 - odd 355 438 218
47 3 - even 348 47 23
251 16 - odd 342 502 250
204 13 - odd 341 408 203
157 10 - odd 339 314 156
110 7 - odd 335 220 109
173 11 - even 331 173 86
236 15 - odd 329 472 235
63 4 - odd 324 126 62
205 13 - even 319 205 102
142 9 - odd 317 284 141
221 14 - odd 314 442 220
79 5 - even 310 79 39
253 16 - odd 307 506 252
174 11 - odd 305 174 173
95 6 - odd 301 190 94
lar activity has to be considered. This is beyond the scope
of this paper and the interested reader is instead referred
to Klokocˇnı´k et al. (2008) where such an attempt has been
made.
4.2 CHAMP
Similarly to GRACE, also the repeat cycles of CHAMP can be
derived. Orbit data from January 2002 till December 2009
is kindly provided by Adrian Ja¨ggi of the Astronomical In-
stitute of the University of Bern and is essentially the same
used in the calculation of the CHAMP-only gravity field model
AIUB-CHAMP03S (Prange, 2010). The orbit decay and
the repeat cycles are shown in Fig. 9 and listed in table 3. In
this case, only repeat ratios with a  10 are considered as
the signal to noise ratio limits monthly CHAMP solutions to
approximately degree and order 70. The maximum value for
a can similarly be derived as for GRACE.
During the period of the available data the satellite passes
16 repeat cycles; some of them repeatedly as the orbit was
lifted in between. In total, 10 of the repeat cycles are po-
tentially harmful for the gravity field recovery. In May and
October 2002 and in June 2003 the satellite passed the 31=2
repeat cycle three times. According to equation (18a) the or-
der is limited to M = 30, which is in good agreement with
the findings of Weigelt et al. (2009). There, the intersection
between the signal and the difference RMS curve w.r.t. to
GGM02S model was found to be near degree L = 35. The
severest condition was passed in November 2005 and in Jan-
uary 2007 as the satellite passed the 47=3 repeat cycle twice.
Since this is a cycle with even parity, the ground track is
Table 3 Month of occurring repeat cycles with a  10 for CHAMP
and their maximum resolvable order according to equation (18); gray
repeat cycles do not pose a problem for the monthly gravity field re-
covery since M > 70
b a Period Parity  h [km] c M
139 9 January 2002 even 409 139 69
31 2 May 2002 odd 393 62 30
31 2 October 2002 odd 393 62 30
31 2 June 2003 odd 393 62 30
140 9 March 2004 odd 377 280 139
109 7 July 2004 even 372 109 54
78 5 November 2004 odd 364 156 77
125 8 April 2005 odd 357 250 124
47 3 November 2005 even 345 47 23
125 8 March 2006 odd 357 250 124
47 3 January 2007 even 345 47 23
157 10 October 2007 odd 335 314 156
110 7 January 2008 odd 331 220 109
63 4 September 2008 odd 321 126 62
142 9 February 2009 odd 313 284 141
142 9 June 2009 odd 313 284 141
79 5 October 2009 even 307 79 39
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sparsest during the considered period and solutions are only
possible till order M = 23. Compare also the repeat cycles
78=5 and 79=5 as these are similar to the test configurations
used in section 3.
5 Conclusions
A refined version of the Nyquist rule-of-thumb for the influ-
ence of the spatial sampling on the quality of a gravity field
solution is provided by equation (18) which we have investi-
gated by mapping the geopotential along an idealized model
of a repeat trajectory. It describes solely the influence of the
orbit configuration and is restricted to near polar orbits as
it separately considers the spatial sampling in North-South
and East-West direction. This separation is only possible for
orbits with an inclination near 90 . For GOCE, the rule is
already limited in its use as the polar gap problem becomes
dominant. For GRACE and CHAMP though, the assumption
is valid. Practically, the North-South sampling is given by
the sampling of the measurement system which is in almost
any case sufficient for nowadays gravity field recovery ap-
plications. The East-West sampling on the other hand is de-
fined by the number of unique equator crossings and limits
the spatial resolution by restricting the maximum resolvable
order M instead of the usually assumed maximum resolv-
able degree L. A dependency on the parity b   a is also
recognized which plays an important role in the presence of
noise. For b  a = odd, ascending and descending arcs are
shifted by p=b with respect to each other, i.e. ascending arcs
are located inbetween descending arcs. For b  a = even,
ascending and descending arcs cross the equator at the same
longitude. The sampling in East-West direction is essentially
cut in half. The concept of unique equator crossings enables
the description of this.
The geometry of the measurement system is reflected
in the conditioning of the normal matrix which is the ratio
between the largest and smallest eigenvalue. The reduced
sampling in case of even parity causes a degradation of the
conditioning and leads to a reduced quality of the result-
ing gravity field solution in the presence of noise. The in-
fluence of the orbit configuration is then correctly described
by equation (18). It is very important to realize that it only
and solely describes the influence of the spatial sampling.
Other factors also influence the conditioning of the normal
matrix. Among them are mismodelling due to an over- or
underparametrization, systematic errors, and the polar gap
problem. The interplay of all these effects make the descrip-
tion of single influencing sources in practical applications
very difficult. Only in extreme cases one or the other effect
becomes dominant and can be identified as the major male-
factor. For CHAMP and GRACE, this is the case for the low a
repeat cycles, e.g. the 31=2 for CHAMP or the 107=7 in case of
GRACE. The interaction of the different error sources is not
fully understood yet and needs further investigations in the
future. Thus, this paper can only be seen as one but impor-
tant step towards a deeper understanding of the satellite sys-
tems. Nevertheless and with this new understanding of the
spatial sampling, it is possible to identify or rule out impacts
of the orbit configuration on the quality of the gravity field
solution based on the orbital elements and improve the orbit
design in the future. Furthermore, it can be concluded that
the rule-of-thumb is too conservative and solutions to de-
grees higher than b=2 are achievable for the case of odd par-
ity. Visser et al. (2012) showed that this might also result in
a non-homogeneous error distribution in the spatial domain
which is acceptable as long as the quality of the solution is
not degrading. This paper considered only one-dimensional
observations. Visser et al. (2012) indicated already that dif-
ferent type of rules might be applicable for other, higher-
dimensional quantities. The impact on the conditioning of
the normal matrix in the presence of noise needs to be in-
vestigated in these cases in the future.
A Equator crossings
This appendix gives the general description for the dependency on the
parity. In section 2.1, the relation between one descending and all as-
cending arcs was used. This general description relates all descending
to all ascending arcs. Consider again a circular orbit and an arbitrar-
ily located equator crossing of an ascending arc at longitude l a0 . The
equator crossing of the p-th ascending arc can then be found by:
l ap = l a0 +
2p
b
p; with p= 0 : : :b  1: (20)
Starting from l a0 , the location of the first (in the timely sense) equator
crossing of a descending arc is shifted by 180 degrees minus the angle
passed by the Earth during the traveling of the satellite from equator
crossing of the ascending to one of the descending arc. The equator
crossings of the q-th descending arc is then given by:
L dq =L a0 +p p
a
b
+
2p
b
q; with q= 0 : : :b  1: (21)
Similar to p, q refers also to the East-West numbering of the equator
crossing of the descending arcs and not to their timely occurrence.
The equator crossings of ascending and descending arcs will coin-
cide if a set of (p;q) can be found for which the difference of ascending
and descending arcs becomes zero:
L ap L dq = 0: (22)
Inserting equation (20) and (21) yields
L a0 + 2pb p L a0  p+p ab   2pb q = 0
, 2pb  1+ ab   2qb = 0
, 2p b +a 2q = 0
, j2p 2qj = b  a (23)
The absolute bracket is added because the difference (b  a) will al-
ways be positive. Since all quantities are integer values, equation (23)
has only a solution in case of even parity of (b  a).
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B Condition number
Table 4 log10 of the condition number for two repeat conditions each
with and without order-limiting and different maximum degree for the
case of noise-free data. Condition numbers beyond the computational
accuracy are marked gray.
47 / 3 46 / 3
L M = L M = 46 M = 23 M = L M = 45
5 0.82 0.82 0.82 0.84 0.84
10 1.18 1.18 1.18 1.25 1.25
22 1.81 1.81 1.81 2.02 2.02
23 1.86 1.86 1.86 2.08 2.08
24 4.47 4.47 1.90 2.15 2.15
25 4.51 4.51 1.94 2.22 2.22
26 4.74 4.74 1.98 2.28 2.28
30 5.08 5.08 2.16 2.51 2.51
40 5.60 5.60 2.61 3.12 3.12
44 5.78 5.78 2.80 3.37 3.37
45 5.83 5.83 2.85 3.43 3.43
46 5.86 5.86 2.90 19.74 3.49
47 17.33 5.92 2.95 19.91 3.57
48 18.52 5.95 2.99 19.82 3.66
50 19.55 6.05 3.09 20.30 3.85
60 20.17 6.57 3.57 21.66 4.87
70 21.00 6.98 4.05 22.57 5.38
80 22.56 7.39 4.53 22.86 6.02
90 22.99 7.86 5.02 23.59 6.66
95 23.61 8.91 6.43 23.89 6.99
100 23.31 16.55 9.91 24.50 12.44
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